Abstract. Many examples are known of natural functors K describing the transition from categories C of generalized metric spaces to the "metrizable" objects in some given topological construct X . If K preserves initial morphisms and if K(C) is initially dense in X , then we say that X is C-metrically generated. Our main theorem proves that X is C-metrically generated if and only if X can be isomorphically described as a concretely coreflective subconstruct of a model category with objects sets structured by collections of generalized metrics in C and natural morphisms. This theorem allows for a unifying treatment of many well-known and varied theories. Moreover, via suitable comparison functors, the various relationships between these theories are studied.
Introduction
Metrics (or any of their various generalizations) lie at the basis of many topological and analytical theories. Natural functors describe the transition from (generalized) metric spaces to objects in a given category X . With a (generalized) metric d one can associate e.g. a topology T d , a uniformity U d , an approach structure A d , a bornological structure B d or a σ-algebra σ(T d ). In each of these examples, a natural functor K from a category of (generalized) metric spaces to the category X is given. Some of these examples give rise to intuitive notions of what one could call a "metrically generated theory". For instance (1) every uniform space, as well as every approach space, is a subspace of a product of "metrizable" spaces. It is also known that (2) for both these categories the objects can be isomorphically described by means of sets structured by collections of "metrics" [7] , [10] .
In this paper we investigate the relationship between the two points of view (1) and (2) . In our main theorem 4.1, for specific constructs C of (generalized) metric spaces, we give necessary and sufficient conditions on a functor K : C → X in order to characterize when X can be isomorphically described as a full concretely coreflective subconstruct of a model category M C with objects sets structured by collections of (generalized) C-metrics. Topological constructs X for which there exists a functor K : C → X satisfying these necessary and sufficient conditions are called C-metrically generated. So as it turns out, the settings M C for various C are of sufficient generality to provide a unifying treatment of the C-metrically generated theories, in particular allowing for one common characterization of a plethora of various types of morphisms as e.g. continuous, uniformly continuous, proximal, bounded and measurable maps. Once the theories are classified using various C and different expanders as introduced in Definition 3.2, in Theorem 3.5 we describe suitable comparison functors to study the relationship between them. In view of their tight connection with "metrizable" objects, it turns out that the constructs M C and their subconstructs provide a very advantageous setting for the development of compactness and/or completeness theory, which is the subject of a subsequent paper. The classification is exemplified in the sections on examples and counterexamples. Of course well-known examples are easily captured: Top, Unif and Ap are metrically generated. But the characterization also allows us to produce less evident examples such as measurable spaces or bornological spaces derived from an l ∞ structure as described in [6] . The same characterization also allows us to prove e.g. that although the construct Bor of all bornological spaces has a natural functor assigning a bornology to a metric, this category, nevertheless, is not metrically generated.
Metrically generated constructs
For notational and terminological simplicity and in order not to deviate too much from standard practice, we will call a function d : X × X → [0, ∞] a quasipre-metric if it is zero on the diagonal, we will drop "pre" if d satisfies the triangle inequality and we will drop "quasi" if d is symmetric. Note in particular that we do not suppose a metric to be either real-valued or separated. We refer to [1] for all categorical concepts and terminology. Met stands for the construct of quasipre-metric spaces and contractions. A map f :
If A is a construct and X a set, then A(X) stands for the fiber of A-structures on X.
Definition.
A full and isomorphism-closed concrete subconstruct of Met which is closed for initial morphisms and which contains all Met-indiscrete spaces will be called a base category. Given a base category C, a topological construct X will be called C-metrically generated if there exists a concrete functor K : C → X satisfying the following two properties: (I) K preserves initial morphisms, (D) K(C) is initially dense in X . We will then also say that X is metrically generated by K.
In the following two propositions we give some basic results concerning the properties (I) and (D). Note that these results hold for analogous functors and categories, and it suffices to replace d • f × f by the initial structure via f . If C is a base category and (X, d) is an object of C, we will call d a C-metric. In the sequel C will always denote a base category.
Proposition. (1) K satisfies (I) if and only if for any
(2) In the presence of (I), K satisfies (D) if and only if for any X -object X there exists a collection of C-metrics P such that X = sup p∈P K(X, p).
K(X , p)
where
is a function such that f • h is a morphism, and where h : Z → X is final. Then it follows that the bottom f is a morphism. The condition stated in the proposition now implies that id is a morphism and hence that also h :
2. Let X be an object in X , and let (
Then consider the composition of the sources in X :
Since this composition is initial, it follows that the first source is initial and hence
, and it follows that K(X, d 0 ) is indiscrete.
Metered spaces and expanders
We now construct a model category for C-metrically generated constructs. First, we need some preliminary concepts and results. A downset in Met(X) is a nonempty subset S ⊂ Met(X) such that if d ∈ S, e ∈ Met(X) and e ≤ d, then e ∈ S. For B ⊂ Met(X), B↓:= {e ∈ Met(X) | ∃d ∈ B : e ≤ d}.
3.1. Definition. We define M to be the construct with objects pairs (X, M) where X is a set and M is a downset in Met(X). M is called a meter (on X) and (X, M) a metered space. If (X, M) and (X , M ) are metered spaces and f : (X, M) → (X , M ), then we say that f is a contraction if
It is easily verified that M is a topological construct. Given a structured source (f j : X → (X j , M j )) j∈J , the initial structure on X is the meter
Analogously, given a structured sink (f j : (X j , M j ) → X) j∈J , the final structure on X is the meter
Given a meter M we will say that B ⊂ M is a basis for M if B↓= M. M C is the full subconstruct with objects, the meters of which have a basis consisting of C-metrics. We will call such a meter a C-meter. It follows from the fact that C is closed for initial morphisms that M C is a concretely reflective subconstruct of M, and thus a topological construct in its own right. In order to easily deal with concretely coreflective subconstructs of M C , we formalize a notion which belongs to the folklore of the subject.
We formulate 3.2 and 3.3 in the context of the paper, but an analogous definition and characterization are valid in any topological construct.
Definition. We call ξ an expander on M
C if for any X and any meter M ∈ M C (X), ξ provides us with a meter ξ(M) ∈ M C (X) in such a way that the following properties are fulfilled:
Here, for any meter M, we have put
Given an expander ξ on M C , we define M C ξ as the full subconstruct of M C with objects those metered spaces (X, M) for which ξ(M) = M. 
For any meter D we put [D]
C := {d ∈ D | d a C-metric}.
Proposition. If C and C are base categories such that C → C, and ξ is an expander on
Proof. By straightforward verification.
We call ξ the C -modification of ξ. We define
3.5. Theorem. If C and C are base categories such that C → C, and ξ is an expander on M C , then:
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Proof. 1. Consider the concrete functor G :
where Q again is a collection of Cmetrics and satisfies ξ (Q↓) = Q↓, i.e.
[ξ(Q↓)]
C ↓= Q↓. This last equality means that G • F = 1, and from the remark above one sees that also
C . Consequently, from (E4),
too is a morphism. 3. This is nothing else but an application of 3.3.
Models for C-metrically generated constructs
Given a base category C and K : C → X satisfying (I) and (D), we introduce two concrete functors which will play a crucial role in the sequel.
For any object (X, D) in M C , with basis of C-metrics P, we put
Note that this unambiguously defines
From initiality properties it follows that F K is a functor, and from (I) it follows that G K is a functor. To avoid confusion, suprema in a topological construct X will, from now on, sometimes be denoted by sup X .
Theorem. A topological construct is C-metrically generated if and only if it is concretely isomorphic to
Proof. Let K : C → X be a functor satisfying (I) and (D).
(1) By definition we have that
To prove the other inequality, by (D), let P be a set of C-metrics such that X = sup p∈P K (X, p) .
(2) We now prove that G K • F K defines an expander ξ on M C (and therefore a concretely coreflective subconstruct M C ξ of M C ) such that X is isomorphic with
For any X and any meter D on X, let ξ be defined by D) ).
is proved in the same way as in (1), and from this it follows that D ⊂ ξ(D), which shows that (E1) is fulfilled. To prove (E2), let D ⊂ D be meters on X. Then noting that with regard to the action of F K it is always possible to choose bases P for D and P for D such that P ⊂ P, it follows at once from the definitions that
Finally to prove that property (E4) is fulfilled, let f : X → X be any function, and let (X , D) be an object in M C with base P. For any p ∈ P we have that
is a morphism in C, and hence we have that also
is an X -morphism, and with X = F K (X , D) and
which by the foregoing observation implies that
Clearly, the restriction of F K to M C ξ and G K are mutually inverse isomorphisms between M C ξ and X . (3) Finally we prove that for any expander ξ on M C , M C ξ is metrically generated. Define
This proves that (I) is fulfilled. Next, let (X, D) be an object in M C ξ with basis Q of C-metrics. Then we have that
where the second inequality follows from the fact that M C ξ is concretely coreflective in M C as shown in 3.5.
The expander in (2) of the foregoing proof is entirely determined by the functor K and if necessary to avoid confusion it will be denoted ξ K . Note that
Proposition. Let C and C be base categories such that C → C, and let K : C → X be a functor satisfying (I) and (D). Let Y be the concretely reflective hull of K(C ) in X . Then the restriction of K to K : C → Y also satisfies (I) and (D) and ξ
Proof. That K satisfies (I) and (D) follows from the fact that Y is concretely reflective in X and therefore initially closed in X . Now note that F K | M C = F K . Indeed, let (X, D) be an object in M C with basis P of C -metrics. Then 
4.3. Proposition. Let X be metrically generated by K : C → X. Then any concretely coreflective subconstruct Y of X is again metrically generated by the functor
Proof. This follows since C preserves initial morphisms and suprema.
Examples

Pretopological, topological and completely regular spaces ([1]
, [2] , [5] , [7] ). Consider the following base categories: C = Met, C = "quasi-metric spaces" and C = "metric spaces". 
is initial in PrTop it is sufficient to observe that for x ∈ X and r > 0:
The expander ξ T associated with the functor T is given in the following way (cfr. [4] ): for any D ∈ M(X), e ∈ ξ T (D) if and only if
To deal with Top note that since all spaces T (X, d) for (X, d) an object in C are topological, the concretely reflective hull of T (C ) is a subconstruct of Top. Conversely, every topological space X can be written as T p (A,A) ). Now, since all these p (A,A) s are quasi-metrics, Top is the concretely reflective hull of T (C ). Applying 4.2 allows us to conclude that Top is metrically generated by T : C → Top with associated expander the quasi-metric modification of ξ T .
Analogously, Creg is metrically generated by T : C → Creg with associated expander the metric modification of ξ T .
Quasi-uniform, uniform and proximity spaces ([1]
, [5] , [7] , [9] , [11] ). Consider the following base categories: C = "quasi-metric spaces", C ="metric spaces" and C = "totally bounded metric spaces". For a quasi-metric d,
y) < } is a quasi-uniformity. This assignment determines a concrete functor to the construct of quasi-uniform spaces,
together with its restrictions U : C → Unif and U : C → Prox to, respectively, the constructs of uniform spaces and of proximity spaces (which is isomorphic to the construct of totally bounded uniform spaces). It is well known that both Unif and qUnif can be described by means of meters. For Unif we refer to the book of Gillman and Jerison [7] , and for qUnif we refer to the survey paper by Künzi [9] . It follows that qUnif is isomorphic to M C ξU , where for any C-meter D on X we have e ∈ ξ U (D) (cfr. [4] ), if and only if there exists a quasi-metric r on X such that e ≤ r and such that Proposition 4.2 now implies that Prox is metrically generated by U : C → Prox with expander (ξ U ) , the totally bounded metric modification of ξ U . ([3] , [5] , [10] ). These categories were introduced by the authors in [3] and [10] . Consider the base categories C = Met, C ="quasi-metric spaces" and C = "metric spaces" and consider the functor to preapproach spaces
Preapproach, approach and uniform approach spaces
together with its restrictions A : C → Ap and A : C → UAp to, respectively, the constructs of approach spaces and of uniform approach spaces. Clearly A preserves initial morphisms and A(C) (resp. A (C ) and A (C )) are initially dense in PrAp (resp. Ap and UAp), [3] and [10] . The expander associated with A is the following: for any D ∈ M(X), e ∈ ξ A (D) (cfr. [4] ) if and only if
Ap was shown in [10] to be the concretely reflective hull of A(C ). Applying 4.2 allows us to conclude that Ap is metrically generated by A : C → Ap with associated expander the quasi-metric modification of ξ A .
Analogously, UAp is metrically generated by A : C → UAp with associated expander the metric modification of ξ A .
Bornological spaces generated by an l
∞ -structure ([6] ). This important concretely reflective subconstruct of Bor was introduced by Frölicher and Kriegl in [6] . Its objects are those bornological spaces for which a set is bounded if and only if it contains no infinite countable subset, the only bounded subsets of which are the finite ones. Consider the base category C of all real-valued metric spaces and the following concrete functor: [5] ). The construct Rere of reflexive relations (or spatial graphs [5] ) is isomorphic to the coreflective subconstruct of PrTop consisting of finitely generated pretopological spaces, and thus by 4.3, is metrically generated. Rere is concretely isomorphic to M ξ where
for any meter D. Likewise Prost, which is isomorphic to the coreflective subconstruct of Top consisting of finitely generated topological spaces, is metrically generated with expander the quasi-metric modification of ξ.
Measurable spaces ([12]
). The construct Meas of measurable spaces is metrically generated. It suffices to consider the base category C of quasi-metric spaces and the functor A,A) )). Hence Meas is metrically generated by S : C → Meas. ([3] , [9] , [10] ). Of course Met and any of its topological subconstructs C of quasi-metric spaces, pre-metric spaces or metric spaces, are all metrically generated. In all cases it suffices to take as base category C and the identity functor C → C. The associated expander ξ in all cases is given by ξ(D) = {sup D}↓ on C-meters.
(Generalized) metric spaces
6. Counterexamples 6.1. Bornological spaces ([1] , [6] , [12] ). In contrast with Bor ∞ , and in spite of the fact that every metric space gives rise to a natural associated bornology (see 5.4), the construct Bor of all bornological spaces itself is not metrically generated. Suppose that K : C → Bor is a functor satisfying (I) and (D), mapping (X, d) to K(X, d) = (X, K d ). Let X be infinite, and let F be a non-principal ultrafilter on X. 6.2. Pseudotopological and nearness spaces ([1] , [2] , [12] , [8] ). Although PrTop is metrically generated (see 5.1), going one step further and considering the construct PsTop of pseudotopological spaces also introduced by Choquet in [2] fails to produce a metrically generated construct. Take N as underlying set.
Choosing any collection of non-principal ultrafilters on N and forcing them to converge to 0 as well as having all principal ultrafilters converge to their determining point fixes a pseudotopology. Therefore the number of pseudotopologies on N is at least 2
. If PsTop were metrically generated, it would be concretely isomorphic to a subcategory of M by 4.1. However, the number of quasi-pre-metrics on N equals 2 ℵ0 , and hence there are at most 2 2 ℵ 0 meters on N. An analogous technique allows us to show that also Near, the category of nearness spaces, is not metrically generated (cfr. [4] ).
